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Abstract
We examine how the evidence of the time-varying volatility in stock returns aﬀects optimal
dynamic portfolio choice of investors with long horizons. As return volatility shows a relatively
small correlation with realized return, its time-variation is expected to cause little, if any, hedging
demand (in the sense of Merton (1973)). However, we find that, once transaction costs are
taken into account in portfolio rebalancing, the time-varying monthly return volatility produces
significant horizon eﬀect with stock allocations despite the negligible hedging demand. The
driving force of this surprising result is newly identified in our study, and diﬀers from the
hedging demand documented in earlier studies (e.g., Brennan, Schwartz, and Lagnado (1997)
and Barberis (2000)). Moreover, the horizon eﬀect is found to be state-dependent, and could be
either positive or strikingly negative, depending on the current value of return volatility. This
leads to a reduced sensitivity of the initial optimal stock allocation to current return volatility as
a function of the expected portfolio holding period. It also suggests that how much an investor
values the knowledge of the true current return volatility depends on the investment horizons
and transaction costs.
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1 Introduction
The mounting evidence of stock return predictability has stimulated a number of papers to examine
its implications for dynamic portfolio choice. For example, Brennan, Schwartz, and Lagnado (1997)
examine a continuous-time setting for an optimally rebalancing investor, and show that a long-
horizon strategy always invests substantially more in stocks than a one-month strategy. Campbell
and Viceira (1999) develop an approximate analytical solution to the optimal consumption and
investment problem of an investor using Epstein-Zin-Weil utility, and also find pronounced positive
hedging motives. In a related contribution, Barberis (2000) further confirms this positive horizon
eﬀect when parameter uncertainty is accounted for. Essentially, all these studies have analyzed
the predictability of expected stock returns, and find that the empirically documented negative
correlation between realized and expected stock returns could induce a significantly positive hedging
demand (in the sense of Merton (1973)) for a long-horizon investor.1
As balancing risk and return is the essence of portfolio optimization, besides the expected stock
return, the conditional volatility also plays an important role in portfolio decision making. However,
there are surprisingly fewer papers that have examined the economic significance of predictable
volatility in a dynamic setting.2 In fact, the time-varying volatility is even more firmly established
than the time-varying expected return and is typically modelled in an ARCH framework; see the
statistical evidence given by Bollerslev (1986), French, Schwert, and Stambaugh (1987), and Nelson
(1991), among others. Accordingly, our paper focuses on the second return moment – conditional
volatility, and study how the time-varying return volatility aﬀects the multi-period optimal dynamic
decisions. To get more convincing results, we account for realistic transaction costs for portfolio
rebalancing in our investigation.
Besides the strong evidence of the time-varying volatility, there are other reasons why study-
ing an investment framework allowing for the time-varying volatility and comparing its portfolio
impact with that caused by the time-varying expected return are important. Empirical evidence
shows that return volatility behaves quite diﬀerently from expected return in their time variations
(e.g., Poterba and Summers (1986) and Glosten, Jagannathan, and Runkle (1993)). In particular,
Glosten, Jagannathan, and Runkle (1993) find a relatively low degree of persistence for monthly
return volatility, with the autoregressive coeﬃcient of conditional volatility estimated in the range
of 0.2 to 0.6. In contrast, for monthly expected return, the degree of persistence is consistently
higher than 0.95 as measured in the standard predictive regression (e.g., Barberis (2000)). So,
unlike expected return, any shock to current monthly volatility is only short-lived and will there-
fore have diﬀerent impacts on portfolio allocations with diﬀerent investment horizons. This also
indicates an importance of investment horizons to the economic value of accounting for a shock on
current return volatility, especially for long-horizon dynamic investors.
At first sight, in the presence of predictable return volatility the investment horizon should
1Recognizing the debate on the validity of predictable expected return, Xia (2001) shows that the correlation
between realized stock returns and the investor’s developing knowledge about the uncertain predictability could also
produce important hedging demand for a long-horizon investor.
2Although Fleming, Kirby, and Ostdiek (2001) show the economic value of volatility timing for myopic investors,
its impact on long-horizon dynamic investors has not been carefully examined.
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make little diﬀerence in an optimal dynamic portfolio, because the time-varying volatility is ex-
pected to cause little, if any, hedging demand. Note that, as observed in the data and specified
in most volatility models, a positive and a negative shock to return realizations could both cause
the conditional volatility to increase (although possibly at asymmetrically degrees). Therefore,
unlike the time-varying expected return which shows a substantially negative correlation of about
−0.9 with the realized return (Barberis (2000)), the return volatility shows a relatively negligible
correlation with the realized return, and consequently, its time-variation won’t induce substantial
hedging demand.
Surprisingly, in our paper we find that, despite the negligible hedging demand, the time-variation
in monthly return volatility indeed has a significant impact on the way the investment horizon
interacts with the optimal portfolio decision. First, we show that once realistic transaction costs are
considered in portfolio rebalancing, the time-varying monthly return volatility produces significant
horizon eﬀect with stock allocations. More important, the horizon eﬀect is found to be state-
dependent, and could be either positive or strikingly negative, depending on the current value of
monthly return volatility. This is caused by the fact i) that the presence of transaction costs makes it
not optimal for a dynamic investor to rebalance his portfolio every period and therefore significantly
lengthens the holding period of the initially chosen portfolio,3 and ii) that monthly return volatility
shows a relatively low degree of persistence. For instance, when current return volatility is lower
than its steady state value, an investor with a twelve-month horizon would allocate less to the
stock than an investor with a one-month horizon, leading to a negative horizon eﬀect. The reason
is that, because a volatility shock is only short-lived, an unusually low return volatility raises the
stock allocation much more substantially for investors having shorter portfolio holding period in
the presence of transaction costs. On the contrary, when current return volatility is higher than its
steady state value, a positive horizon eﬀect results. In essence, the state-dependent horizon eﬀect
evident in our study is driven solely by the mean reversion of return volatility together with the
eﬀective portfolio holding period due to transaction costs. This driving force of horizon eﬀect is
newly identified in our study, and diﬀers from the hedging demand documented in earlier studies
(e.g., Barberis (2000) and Xia (2001)).4
It is particularly important to note the critical role played by the transaction costs here. The
result will be completely diﬀerent if the transaction costs are not taken into account. In that case,
investors can always optimally and costlessly rebalance their portfolios at any future time, and
therefore, when choosing the initial optimal portfolios, they have no worry about the direction of
the mean reversion of future return volatility if there is a shock on the current return volatility.
Second, as investment horizons increase or as transaction costs grow, the initial optimal portfolio
allocation becomes less sensitive to the current return volatility. A calculation of utility loss for not
accounting for shocks on monthly return volatility confirms that how much an investor value the
3Lynch and Balduzzi (2000) show that the presence of realistic transaction costs could cause rebalancing frequency
to decline considerably; an investor with a twenty-year horizon rebalances only about once every nine months subject
to moderate transaction costs under a predictable return model.
4Xia (2001) also notes the state-dependence of the horizon eﬀect, but for a completely diﬀerent reason – the
dynamic learning eﬀect.
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knowledge of the current volatility shock depends, to a large degree, on the length of his investment
horizon and the level of transaction costs he faces.5 This is also caused by the relatively low degree
of persistence in monthly return volatility. Since return volatility will quickly converge towards its
steady state value in a case of deviation, when an investor expects a long holding period, say five
years, for the initial portfolio, what matters most in his portfolio decision is the long-run steady
state value of return volatility; the current return volatility is thus a negligible factor. However,
this will not be the case if the investor has a relatively short investment horizon. In that situation,
the current return volatility is a crucial factor for the portfolio decision making.
We also investigate the impact of parameter uncertainty under a Bayesian framework by tak-
ing the buy-and-hold case as an example; the results are robust to estimation risk. Further, an
experiment with real-time data shows that the results about the predictable return volatility are
of practical importance.
The remainder of the paper proceeds as follows. Section 2 describes an investment framework,
including a general time varying investment opportunity set and diﬀerent asset allocation strategies.
Section 3 illustrates the main idea with a simpler model, where return predictability is ignored.
Section 4 studies the general case considering time variation in both expected return and volatil-
ity. The economic importance of correctly accounting for the current volatility shock and a more
sophisticated investment strategy accounting for estimation risk are also examined in Section 4.
Conclusions and discussions on possible extensions are provided in Section 5.
2 A Framework for Asset Allocation
2.1 Investment Opportunity Set: A General Model
A model for stock returns that reflects the major characteristics observed in the data is a critical
starting point for any further inferences and portfolio decision making. Our approach is to build
on the standard VAR structure employed by researchers such as Kandel and Stambaugh (1996)
and Barberis (2000), but rather than impose homoskedastic disturbances, we assume that the
disturbance terms follow a multivariate conditional heteroskedastic process:
zt = a+Bzt−1 + εt, (1)
with
εt|Ft−1 ∼ N(0,Σt−1),
where z
0
t = (rt, x
0
t). The first element of zt, namely rt, is the continuously compounded monthly
stock return in excess of one-month Treasury bill rate and the remaining component, xt, is an n×1
vector consisting of all the predictive variables observed at the end of month t, such as dividend
yield. The (n+ 1) × 1 disturbance vector εt has time-varying covariance matrix Σt−1, conditional
5Lynch and Balduzzi (2000) also examine nonzero transaction costs and return predictability, but focus on their
impact on rebalancing behavior. Other studies on dynamic choices with time-varying volatility often abstract from
transaction costs for their particular research interests (Chacko and Viceira (2003) and Liu and Pan (2003)).
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on the information set Ft−1 available at the end of month t−1. a and B are (n+1) × 1 and (n+1)
× (n+ 1) parameter matrices, respectively.
Our return dynamics diﬀer from those used elsewhere mainly through the time-dependent co-
variance matrix Σt of the disturbance vector. This assumption is made primarily to incorporate
the well-documented time variation of return volatility (e.g., Bollerslev (1986), French, Schwert,
and Stambaugh (1987), and Nelson (1991)). Note that if Σt is constant over time t, we then have
a homoskedastic return model.
To fully describe the model, we need to specify how Σt−1, the conditional covariance matrix of zt,
is determined by the available information at the end of month t−1. The most widely used models
to capture the time-varying volatility in financial data are the ARCH model of Engle (1982) and
its various extensions such as the GARCH of Bollerslev (1986) and the EGARCH of Nelson (1991).
This model class typically forecasts volatility as a determined function of past conditional volatilities
and past return innovations. The appeal of this approach is that they reflect the characteristic that
large surprises are often followed by large surprises, a feature of financial data commonly termed
volatility clustering. Naturally a multivariate version of the ARCH structure would be our first
candidate for modeling Σt.6
In a multivariate structure, however, every element of the conditional covariance matrix could
depend upon all the cross-products of the lagged residuals. This complexity and the resulting
large number of parameters significantly complicate estimation and inference of the model. For
this reason, various restrictions have been imposed in the literature to simplify this multivariate
structure. We follow the idea of Bollerslev (1990) and assume that the conditional covariances vary
to keep the correlations constant.7 Specifically, let sijt denote the ijth element of Σt. Then the
conditional correlation of the ith and jth disturbances at month t is given by ρijt = sijt/
√
siitsjjt,
which in general will be time-varying. We assume the conditional correlations ρijt are constant
through time. This approach greatly reduces the number of parameters and facilitates estimation
and inference without reaching too far beyond a reasonable justification. After all, it is appropriate
to assume that the conditional correlations between various financial and economic variables are
relatively stable across time compared to other measures such as their means and volatilities, whose
time variabilities are widely accepted.
The time-varying conditional covariances can now be expressed as proportional to the square
root of the product of the corresponding two conditional variances:
sijt = ρij
√
siitsjjt. (2)
6Several recent papers have also taken into consideration the variation of conditional mean and volatility simul-
taneously in an asset allocation framework. See, for example, Lynch and Balduzzi (2000), who introduce return
heteroskedasticity by assuming variance to be a linear function of dividend yield, an assumption similar to that
employed by Shanken and Tamayo (2001), and focus on the impact of return predictability on investors’ rebalancing
behavior. Johannes, Polson, and Stroud (2002) use a model with time-varying expected return and volatility to
evaluate the economic benefits of return predictability by comparing the ex post performance of optimal portfolio
rules with or without market timing and volatility timing.
7Bollerslev employs this form of simplification in a study of short-run foreign exchange rates.
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In addition, the conditional variance of each disturbance term is modeled as an ARCH(1) process:
siit = αi + βiε
2
it , (3)
where εit is the ith element of the disturbance vector εt. This simple ARCH(1) structure relates the
conditional volatility of each component to its own lagged innovation. To restrict the conditional
volatilities to be positive, αi and βi are required to be positive.
We use this first-order ARCH structure rather than a higher-order ARCH model or a more parsi-
monious GARCH model mainly because the evidence in the literature is that, unlike high-frequency
data such as daily returns, monthly returns exhibit a low degree of persistence of conditional volatil-
ity (e.g., Poterba and Summers (1986) and Glosten, Jagannathan, and Runkle (1993)). Glosten,
Jagannathan, and Runkle (1993), for example, find that the amount of persistence in the monthly
return volatility, measured by the first-order autoregressive coeﬃcient for the conditional variance,
is mostly in the range from 0.2 to 0.6 according to various modified GARCH-M models, and much
lower according to modified EGARCH-M models. In fact, they show that the degree of volatility
persistence drops from 0.9 to 0.5 after the standard GARCH model is modified to allow for asym-
metric eﬀects of return shocks on conditional volatility. Thus a low-order ARCH model is believed
to be adequate to capture the persistence of volatility in monthly data. More important, as we
discuss later, this assumption is made only for purposes of illustration and is not critical for the
validity of its conveyed idea.
The other reason we want to avoid a GARCH model pertains to a technical issue involved in the
Markov Chain Monte Carlo (MCMC) approach in the simulation of the posterior distribution in the
Bayesian framework.8 First described by Metropolis and Ulam (1949), MCMC is an algorithm that
in principle can eﬃciently generate simulations from a general probability distribution satisfying
some regularity conditions. Glosten, Jagannathan, and Runkle (1993), however, note a potential
multimode problem, possibly arising as a consequence of small sample size and the complexity of
GARCH or high-order ARCH likelihood functions. In practice this might make MCMC simulation
not eﬃcient or useless. This is because most of the draws from a finite number of simulations by
MCMC, aimed at a multimodal distribution, could be trapped around one mode rather than spread
over the whole domain of the distribution. This is troublesome especially when the number and
locations of the modes are unknown.
For expositional simplicity, our empirical work takes the dividend yield, a common predictor in
the return predictability literature, as the single forecasting variable for both the expected return
and the expected dividend yield. Hence the VAR model used in the analysis is two-dimensional.
The monthly returns on the CRSP value-weighted NYSE index and the 30-day Treasury bill are
used as proxies for the risky and risk-free asset, respectively. The dividend yield of the stock index
is obtained by summing the dividends paid out in the preceding twelve months and dividing by the
current index value.
The sample period is from June 1952 through December 2001. The starting date is chosen to
8See Appendix for a description of the MCMC procedure used in this paper.
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match Barberis (2000) for purposes of comparison. Considering the fact that an investor might be
wary of regime switching, a more recent sample period from January 1972 through December 2001
is also examined.
2.2 Static Allocation
We first examine the portfolio selection behavior for a buy-and-hold investor, who forms an optimal
portfolio at the beginning of the horizon and then holds it without readjusting throughout the
period. Since the asset allocation framework adopted is quite standard and largely follows that in
other studies, we describe it only briefly here.
Consider an investor at time 0– the current period – with the standard CRRA utility function
and a T -month investment horizon. The investor faces a buy-and-hold portfolio choice problem
between two assets: a risky stock index and a risk-free Treasury bill. Short sales and borrowing
are restricted, i.e., the stock allocation weight ω is restricted in the range 0 ≤ ω ≤ 1. Given the
property of the power utility function, we assume current wealth W0 = 1 without loss of generality.
Formally, the investor maximizes his expected utility E0[u(WT )], where
u(WT ) =
W 1−AT
1−A .
WT is the terminal wealth, and A is the coeﬃcient of the relative risk aversion and is taken to be
five in the analysis.
Given a chosen weight on the risky asset ω, the end-of-horizon wealth depends on the stochastic
realizations of stock returns in the future T periods:
WT = (1− ω) exp(rfT ) + ω exp(rfT +
TP
t=1
rt),
where rf is the continuously compounded risk-free rate of return, and
PT
t=1 rt is the cumulative
log excess stock return over future T periods. For simplicity, we suppose rf is constant through
time, and take the historical average as its estimate. This assumption simplifies the analysis and
enables us to isolate the eﬀect of time variation in the equity premium and risk.
Let θ denote the vector consisting of all the parameters involved in the return-generating process
specified by equations (1), (2), and (3). Note that the expectation is conditional on the information
available as of the current month. In practice, the true parameter values governing the return-
generating process are unknown and need to be estimated. One way to proceed is to use the
parameter estimates bθ from the historical data as if they are the true values and make the portfolio
choice according to the conditional distribution, p(
PT
t=1 rt| bθ). This practice, however, ignores the
fact that any estimation techniques are inevitably associated with error.
A more appropriate and sophisticated approach should explicitly account for the estimation risk,
and a natural way is to use a Bayesian framework. Rather than conditioning on a fixed estimate of
θ, a Bayesian investor forms an opinion about the parameter values by updating his prior beliefs
according to the observed data, and then integrates the conditional return distribution over the
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possible values of θ according to posterior beliefs p(θ| data) to obtain a predictive probability
distribution of the future returns, p(
PT
t=1 rt| data). The optimal portfolio weight is then chosen on
the basis of this predictive distribution.
To solve the portfolio optimization problem, however, numerical methods need to be applied.
Monte Carlo simulation is used to estimate the expected utility for any given portfolio weight ω.
We draw n = 150, 000 series of the future T -period returns {{rit}Tt=1, i = 1 to n} from the perceived
conditional distribution of the future returns, either ignoring or accounting for estimation risk, then
use the sample average:
1
n
nX
i=1
((1− ω) exp(rfT ) + ω exp(rfT +
TP
t=1
rit))
1−A
1−A
to approximate the conditional expectation E0[
W1−AT
1−A ] by the law of large numbers. A numerical
search of the stock allocation ω maximizing this sample average is conducted, and the resulting
optimal weight ω is then chosen by the buy-and-hold investor.
2.3 Dynamic Allocation
2.3.1 Transaction Costs
A more sophisticated strategy is optimal rebalancing. In this case, the investor is allowed to
readjust his portfolio allocation monthly according to the changing investment opportunity set. It
is important for a dynamic investor to take into account transaction costs that could be incurred
from portfolio rebalancing. In this case, the wealth process evolves as
Wt+1 =Wt(1− ft)[(1− ωt) exp(rf ) + ωt exp(rf + rt+1)], (4)
where ft denotes the transaction cost in proportion to the portfolio value Wt; that is, the dollar
amount of the transaction cost is Wtft.9 The transaction cost ft consists of two components: one
proportional to the change of the portfolio allocation from bωt (inherited from the previous period)
to ωt (optimally chosen at time t), and one fixed value as long as any reallocation takes place
regardless of the size of rebalancing.
Note that due to the stochastic realization of the stock returns, the inherited stock allocationbωt diﬀers from ωt−1 and evolves according to
bωt = ωt−1 exp(rf + rt)
(1− ωt−1) exp(rf ) + ωt−1 exp(rf + rt)
.
Specifically, ft can be written in the form of
ft = φ1|ωt − bωt|+ φ2Iωt−eωt 6=0,
9The wealth process implicitly assumes that the transaction cost is paid by costless liquidation of the portfolio in
the inherited proportion of assets.
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where Iωt−eωt 6=0 is an indicator function that equals one if ωt − bωt 6= 0 and zero otherwise, and φ1,
φ2 ≥ 0 are the proportional and fixed cost parameters, respectively. This form of transaction cost
is also used in Balduzzi and Lynch (1999) and Lynch and Balduzzi (2000).
The proportional term reflects the fact that more dramatic changes in portfolio allocations result
in higher trading costs; and the fixed term captures the opportunity cost incurred in rebalancing,
such as the time and eﬀort spent on investment research. We model the dollar amount of the fixed
cost as proportional to the portfolio value since it is likely that the wealthier an investor is, the
higher opportunity cost he pays to work on his portfolio.
For computational simplicity, we further assume a constant pairwise linear relation among the
innovation variances in the return-generating process described by (1). Namely, we impose
s11t = p+ qs22t (5)
on the two-dimensional VAR model to reduce the number of state variables describing the economy.
To make the model consistent, one of the ARCH processes in (3) is replaced by (5). Hence there
are now only two state variables describing the investment opportunity set: the conditional return
mean and volatility.
Given the intertemporal budget constraint in equation (4), a dynamic investor chooses a stream
of trading strategies {ωt}T−1t=0 (as functions of the available informations) to maximize the expected
utility of his terminal wealth WT , namely, E0[u(WT )]. The information set at time t, conditional
on which the expectation is taken, includes not only the state variables of the economy and the
remaining horizon but also the inherited stock allocation bωt since its value, together with the chosen
stock allocation ωt, determines the transaction cost. As a result, given a vector of forecasting vari-
ables zt, the optimal trading strategies are ωt = ωt(bωt, zt). Note that the optimal stock allocation
ωt is independent of the current wealth due to the homothetic feature of the CRRA preference.
For the same reason, the investor’s value function Vt(Wt, bωt, zt) can be separated into two
terms:
Vt(Wt, bωt, zt) = Ψt(bωt, zt)u(Wt).
Using the convenient feature of the CRRA preference and the linearity in the wealth of the budget
constraint, it is straightforward to obtain the Bellman equation the investor faces:
Ψt(bωt, zt) = max
ωt
E[W 1−At+1 Ψt+1(bωt+1, zt+1)|bωt, zt,Wt = 1] (6)
for t = 0, ..., T − 1.
Further, since investors will realize their utility by consuming all they have at the end of the horizon,
we have a boundary condition ΨT ≡ 1. Thus, given the parameter values in the return model, we
are able to solve the optimal portfolio choice recursively from the last period T using the Bellman
equation (6).
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2.3.2 Solution Technique
The most popular solution technique of solving dynamic problems is to discretize the state space
and numerically calculate the optimal decision at each node backward from the end of the horizon.10
We use Tauchen and Hussey’s (1991) Gaussian quadrature method, a technique also employed by
Balduzzi and Lynch (1999) and Lynch and Balduzzi (2000), to discretize the continuous state VAR
process with a finite state Markov chain, which is designed to capture the main characteristics,
such as the return predictability, of the original continuous state process. Tauchen and Hussey’s
technique assigns grids according to the conditional probability density at the steady state, with
finer grids surrounding the unconditional mean and coarser grids farther away. It is superior to the
naive equally spaced discretization method used in some other studies in the sense that, given the
chosen number of grids n, the grids and the associated weights are chosen so as to exactly match
the first 2n− 1 moments of the original process. In addition, unlike the simulation-based approach
associated with the discretization of state space adopted in some other studies involving dynamic
problems, discretizing the continuous state time series with an explicit discrete process allows us to
bypass the simulation step needed for evaluating the conditional expectation since, at each node,
the probabilities of reaching possible future states are explicitly given.
Given the assumption of (5), the state of the economy is fully described by the dividend yield
process. Thus, the first step is to discretize the AR(1) process of dividend yields. Because the
dividend yield serves as a single predictor of the expected return, stock returns can then be generated
accordingly. To capture the negative correlation ρ between the return shock and the dividend yield
shock, we write the return shock in the form of
ε1t = ρ
r
q +
p
s22(t−1)
ε2t + ζt (7)
where
ζt|Ft−1 ∼ N(0, (1− ρ2)(p+ qs22(t−1)))
and is independent of ε2t. Equation (7) derives from regressing the return shock ε1t on the dividend
yield shock ε2t and exploiting the properties of multivariate normal distributions. Because ε2t =
xt−a2−B2,2xt−1, we can easily generate stock returns, given the realizations of the dividend yields.
Therefore, the remaining step for discretizing the VAR process is to calibrate a discrete distribution
of the innovation ζt. A description of our discretization approach is provided in the appendix.
Theoretically, the finite state process constructed this way converges toward the original con-
tinuous state process as the grids become finer. How accurate the approximation is depends on
the number of grids used. For computational reasons, we choose twenty-nine grids for the dividend
yield and three grids for the innovation ζt. Note that this discretization procedure actually yields
10A variety of other numerical solution methods are used to solve dynamic problems, such as PDE techniques
(Brennan, Schwartz, and Lagnado (1997), Brennan (1998), Brennan and Xia (2001), and Xia (2001)), log-linearization
of Euler equations and budget constraints (Campbell and Viceira (1999), and Viceira (2001)), among others. Brandt
and Santa-Clara (2002) recently develop another approach by formalizing the idea that a dynamic stragety can be
employed by a static choice among managed portfolios.
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29 possible values for dividend yields and 29 × 29 × 3 = 2523 possible values for returns.11 The
stock weight ω and the state variable bω are discretized into 101 equally spaced grids between 0 and
1, and the value function is interpolated between the grids for bω. The numerically obtained opti-
mal initial stock allocations for a variety of investment horizons are smoothed using the standard
moving average method with a bandwidth appropriately chosen to filter out the numerical noises
and maintain the qualitative trend.
3 Eﬀect of Time Variation in Volatility
Rather than incorporate both return predictability and time varying volatility at once, we introduce
them one at a time. That is, we start out by considering the special case of the model in Section
2.1 where expected returns are assumed to be constant over time and look at how time variation in
volatility alone aﬀects portfolio allocation.12 The other special case where only the time variation
in expected return but not volatility is considered has been examined by many earlier studies (e.g.,
Brennan, Schwartz, and Lagnado (1997), Campbell and Viceira (1999), and Barberis (2000)). In
Section 4, we move to the more general case which allows for the time variation in both expected
return and volatility, and study the portfolio implications of their interactions.
3.1 Conditional Distribution of Time Varying Volatility
Ignoring return predictability amounts to assuming all the slope coeﬃcients of the predictive re-
gression in model (1) to be zero. Formally, the stock index return process is specified as
rt = a+ εt, (8)
with
εt|Ft−1 ∼ N(0, st−1),
where rt is the continuously compounded monthly stock return in excess of one-month Treasury
bill rate, and where st is the conditional return volatility which follows an ARCH(1) process
st = α+ βε2t .
Table I presents the results of parameter estimation of this return dynamics. The maximum
likelihood approach is carried out using the full sample period from June 1952 through December
2001. The standard deviations for parameter estimates are reported in parentheses. The signif-
icantly positive estimate 0.1 for the ARCH coeﬃcient β suggests evidence supporting monthly
time variation in return volatility, which is consistent with findings in the volatility literature (e.g.,
Glosten, Jagannathan, and Runkle (1993)).
Unlike the weak and controversial evidence of return predictability, most earlier studies that
11An experiment using finer grids produces qualitatively similar results.
12We thank Craig MacKinlay for suggesting this simple case to illustrate the idea.
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characterize volatility process of financial markets has consistently found significant evidence in
favor of predictable volatility. For this reason, in the following portfolio analysis we first focus on
the case ignoring estimation risk, that is, taking the parameter estimates to be their true values.
Excluding the eﬀect of parameter uncertainty for now, the roles played by time variation of return
volatility in the asset allocation context will be more clear. The case accounting for parameter
uncertainty will be handled in later sections.
3.2 Buy-and-Hold, Mean-Reverting Volatility, and Horizon Eﬀect
We first examine how a buy-and-hold allocation is aﬀected by the volatility eﬀect. A buy-and-
hold strategy can be viewed as an optimal rebalancing strategy subject to extremely severe market
frictions so that no rebalancing is actually desired. We start out by considering this special case
because it drives the results to an extreme, in which case the idea can be better understood. The
insights illustrated in this situation are highly relevant to the optimal rebalancing case, which we
will focus on in the next section.
The graph in Figure 1 show the optimal buy-and-hold stock allocations based on the parameter
estimates reported in Table I, plotted against horizons of one month to two years with various
current return volatilities. Note that return volatility is the only time varying state variable in
this economy. The three diﬀerent lines correspond to three diﬀerent values of current stock return
volatility – one sample standard deviation above (dotted), at (solid), and below (dashed) its
unconditional mean.
The solid line is nearly horizontal. In other words, an investor standing at the steady state of
economy would have very similar stock allocations regardless of his investment horizon. This result
is driven by precisely the same reason as found in Barberis’ (2000) study, where he argues that in
the case of i.i.d. stock returns, the cumulative return mean and volatility both grow linearly with
the horizon, leading to a completely horizontal stock allocation line. Our ARCH return model is
very similar to the i.i.d. case in that, although conditional volatility is allowed to be time varying,
stock return series still have zero autocorrelation due to the constant conditional return mean.
The horizon eﬀect illustrated in the other two cases, however, is quite diﬀerent from what we
have seen from homoskedastic models in earlier studies. It is state-dependent, particularly in the
short run. When the optimal one-month stock allocation is higher than average due to lower-than-
average current volatility,13 the optimal stock allocation first dramatically declines as the horizon
lengthens up to about a year, at which point it nearly converges at the long-run average,14 and
then becomes nearly flat with the horizon. When the optimal one-month stock allocation is lower
than its long-run average due to a positive shock to current volatility, the stock allocation first
increases rather dramatically for several periods, and then after reaching convergence at around a
year, continues to grow, but at a negligible long-run rate.
13Since log returns rather than raw returns are modeled here, the optimal stock allocation doesn’t necessarily have
to be negatively correlated with the conditional volatility of log returns. In fact, a decline in the conditional volatility
of log return may, in some cases, reduce the optimal stock allocation.
14By the long-run average value of the stock allocation, we mean the optimal stock allocation when current state
is at steady state, which, strictly speaking, diﬀers from the unconditional mean of the stock allocation.
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It is important to point out that this state-dependent horizon eﬀect is caused by mean reversion
of return volatility associated with buy-and-hold eﬀect. Note that return volatility is stationary
and therefore will always converge toward its unconditional mean in a case of deviation. In the
meanwhile, a buy-and-hold investor expects to hold his chosen portfolio without rebalancing until
the end of the horizon, and therefore, when deciding his optimal portfolio allocation, he has to take
into account the direction of the future mean reversion of return volatility. As a result, depending
on the current state values, the mean reversion of return volatility may have positive or negative
impacts on stock allocation. If current return volatility is well below its unconditional mean, for
instance, the mean reversion of return volatility will result in quickly growing risk associated with
stock investments in the next few periods. In an anticipation of this increasing volatility, a buy-and-
hold investor will choose a lower stock allocation the longer his portfolio holding period, producing
a decreasing stock allocation as a function of the horizon. In other words, because of the transitory
eﬀect of a volatility shock, an unusually low return volatility raises the stock allocation much more
substantially for investors having shorter portfolio holding period.
3.3 Optimal Rebalancing, Hedging Demand, and Role of Transaction Costs
Now that we have seen the state-dependence of the short-run horizon eﬀect in the buy-and-hold
case, it is only natural to ask whether this result holds for a more sophisticated trading strategy –
optimal rebalancing. In the dynamic case without market frictions, investors make their portfolio
allocation decisions knowing that they will be able to optimally and costlessly rebalance their
portfolios at any future time. Thus, the first response to the above question might be negative
since investors’ ability to readjust portfolios against changes in future investment opportunities
exempts the investors, to some extent, from worrying about the direction of mean reversion of the
state variables, such as return volatility. As we show later, this insight is correct only if realistic
market frictions are ignored.
In the presence of realistic market frictions, a dynamic investor, although allowed to rebalance
every period, is likely to rebalance less frequently (e.g., Constantinides (1986) and Morton and
Pliska (1993)).15 In other words, constrained by certain forms of market frictions, a dynamic
investor behaves virtually as buy-and-hold within a certain period. Hence, not surprisingly, like
the buy-and-hold case, a shock to the current return volatility will have diﬀerent impacts on the
portfolio choices of dynamic investors with diﬀerent horizons, leading to a potential state-dependent
short-run horizon eﬀect in the dynamic case as well. The question is how significant this result will
be for a realistic level of market frictions. To address this concern, we take one form of market
frictions – transaction costs – as an example, and employ the framework for optimal rebalancing
in the presence of transaction costs (φ1, φ2) as described in Section 2.3. This exercise will also
provide some insights on the role of transaction costs in portfolio choice.
15 In the presence of transaction costs, the optimal rebalancing policy involves a no-trade region. When the stock
holding falls outside the no-trade region, the portfolio is readjusted to the closest boundary in the case of only
proportional costs, or to a point inside the region in the case of fixed costs. No rebalancing occurs as long as the
stock holding stays within the no-trading region.
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3.3.1 Eﬀect of Transaction Costs on Rebalancing Behavior
Various realistic levels of proportional and fixed transaction costs are imposed on portfolio rebal-
ancing. Commissions and the bid/ask spread represent the major component of the proportional
costs, and we confine this number within the range of 0.01 percent and 0.50 percent. Costs of
0.01 percent or slightly higher are likely to be faced by institutional investors with considerable net
wealth trading futures, and the upper limit of 0.50 percent is reasonable for small investors who
trade individual stocks directly.16
Fixed transaction costs represent the opportunity costs for an investor to spend time processing
information, doing research, and dealing with a broker to readjust the portfolio. These costs could
be highly variable across investors; to some individuals such as full-time students, professionals, and
academic researchers, the concern of time could be a fairly big hindrance to their closely watching
and rebalancing portfolios, while to some institutional investors fixed costs may be a negligible
factor in their objective functions in the investment business. We take the fixed transaction cost
parameter φ2 to range from 0.01 percent to 0.20 percent. This choice seems conservative for many
types of individual investors.
Given the transaction costs involved, rebalancing a portfolio every period is typically not opti-
mal. Instead, the investor holds a portfolio until the potential benefit from rebalancing outweighs
the transaction cost of trading.
Figure 2 presents the initial optimal portfolio policy as a function of the inherited stock weight
for a dynamic investor with a two-year horizon when the current return volatility is at the steady
state. Scenarios with nonzero fixed or proportional costs or both are illustrated. The horizontal
axis represents the stock proportion inherited from the previous period, while the vertical axis
represents the corresponding optimal stock allocation chosen for the present period.
One noteworthy diﬀerence in the rebalancing behavior stands out. In the presence of only
nonzero fixed costs (upper right-hand graph),17 when the stock allocation falls outside the no-trade
region, the investor will rebalance the portfolio to a unique point inside the no-trade region that
is precisely optimal with respect to the state of the economy at that moment, regardless of the
transaction costs; that is, the optimal portfolio that is chosen in the absence of initial transaction
costs. In other words, as the fixed transaction costs do not increase with the size of the trade, the
investor, as long as it is optimal to readjust the portfolio, will disregard the concern of transaction
costs and independently make the portfolio decision by fully adjusting to an optimal position
exclusively according to the state of the economy. In this case, the initial transaction costs matter
only in the decision of whether to rebalance or not, but not in the decision on the size of the
rebalancing.
With only nonzero proportional costs (upper left-hand graph), however, costs that increase
linearly with trading size deter the investor from complete hedging, so the investor will optimally
trade only to return to the closest boundary of the no-trade region in the case of rebalancing, but
not to the unique exclusively economy-related optimal point somewhere inside the no-trade region.
162φ1 can be interpreted as round-trip costs in proportion to trading size.
17A substantially low level of fixed costs are picked for illustration purpose.
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This diﬀerence has an important indication that rebalancing in the presence of nonzero proportional
costs, when it occurs, is less eﬀective in optimizing a portfolio with respect to the investment oppor-
tunity set than in the absence of proportional costs. The lower two graphs describe the situations
when both proportional and fixed costs are not zero. For the same reasons, a portfolio will not be
fully adjusted against a deviation of the inherited composition from the exclusively economy-related
optimal point. The extent to which the inherited non-optimal portfolio is readjusted depends, to a
large degree, on the extent of the proportional cost.
Because the inherited portfolio composition will not change as long as it falls inside the no-trade
region, a portfolio holding period is eﬀectively anticipated. We can compute this holding period by
simulating the time series of stock returns and dividend yields and applying the optimal portfolio
rules along the way. Table II reports the expected initial holding period when the current investment
opportunity is at the steady state.18 Scenarios corresponding to various levels of transaction costs
and diﬀerent horizons are included. For purposes of comparison with the buy-and-hold strategy,
we assume no transaction cost in forming the initial portfolio; in other words, any cost involved in
the initial portfolio adjustment is considered a sunk cost and thus is not a factor in the decision
making. Therefore the value function at time 0 is actually independent of the portfolio compositionbω0 at hand. We can simply assume bω0 = 0; that is, the investor starts with a portfolio invested
exclusively in the risk-free asset.
For reference, Table II also reports the similarly computed expected holding periods for (φ1,
φ2) = (0, 0) and (φ1, φ2) = (0, 1). Note that (φ1, φ2) = (0, 0) describes the case with no transaction
costs, where the investor will freely rebalance against any shift in the state of the economy. If
transaction costs increase to a level so that the cost incurred by any rebalancing, however small the
trading size, deprives investors of all their wealth, they will then behave virtually as buy-and-hold
investors. This case is represented by (φ1, φ2) = (0, 1). Not surprisingly, the investor rebalances
nearly every month when facing no transaction costs, and holds the portfolio until the end of the
horizon when confronted with the highest transaction costs.
As illustrated in Table II, even facing a fairly low level of transaction costs (φ1, φ2) = (0,
0.0002), for example, a dynamic investor with a two-year horizon expects to hold the initial portfolio
untouched for a period close to twenty months. This high sensitivity of the expected holding period
to transaction costs is striking at first glance,19 but it reflects the typically small benefit from
rebalancing, partly due to the constant expected return and the limited monthly return volatility
(Table I) compared to the incurred costs.20
When a considerable level of costs is involved in the trading as in the case of (φ1, φ2) = (0.0050,
0.0020), a dynamic investor expects to hold his portfolio untouched until the end of the investment
horizon, and therefore will virtually behave as a buy-and-hold investor when choosing his initial
optimal stock allocation.
18The initial expected holding period in fact remains basically unchanged with diﬀerent initial state values. This
is partially consistent with the finding of Constantinides (1986) that the size of the no-trade region is insensitive to
the return volatility.
19Note from the wealth process (4) that φ1 and φ2 represent the cost parameters in proportional terms.
20We thank Craig MacKinlay for pointing this out.
15
3.3.2 The Short-Run Horizon Eﬀect
We can now answer our initial question regarding the short-run horizon eﬀect in the dynamic case:
Does the current return volatility still play a crucial role in the interaction between the investment
horizon and the initial optimal portfolio if investors can rebalance? Figures 3 and 4 show the initial
optimal allocations to stocks plotted against the investment horizon.
The left-hand graph in Figure 3 describes no transaction costs, and the right-hand one extremely
high transaction costs. Look first at the case of no transaction costs. When the current investment
opportunity set is at its steady state (solid line), we again observe a horizontal horizon eﬀect
throughout, similar to the result in the buy-and-hold strategy. Note that since we are looking at a
dynamic strategy in a time varying economy, a certain degree of hedging demand, either positive
or negative, could potentially be generated by volatility risk. (Merton (1973)) This component,
however, has been demonstrated by Chacko and Viceira (2003) to be relatively negligible with
return dynamics calibrated to U.S. data. Thus the horizontal stock allocation line found in the
steady state case is consistent with Chacko and Viceira’s finding.
On the other hand, since any portfolio rebalancing is costless in this scenario, a dynamic investor,
when choosing the initial optimal portfolio, would not worry about the direction of the somewhat
nonstochastic movement in the future investment opportunity set caused by the mean reversion
of return volatilities, even when the current state is away from the steady state. Thus a shock
to current volatility has a persistent impact on the initial portfolios for investors with diﬀerent
horizons, as shown by the dotted and dashed line.
The second case, in the right-hand graph, replicates the buy-and-hold scenario. The results
are quite similar to those in Figure 1. This similarity provides indirect evidence of the accuracy
of our numerical approach to dynamic programming. Quite confusing at first sight, however, the
three lines corresponding to diﬀerent values of current return volatility appear to intersect at some
points. This is mainly because higher moments of returns have come into eﬀect for the portfolio
choice, as stock returns are no longer normally distributed in the discretized return process. A
similar case is also demonstrated by Stambaugh (1999) and Barberis (2000), who, in the context of
estimation risk, note the importance of the third moment, skewness, in portfolio decision making.
Intermediate cases with realistic transaction costs are illustrated in Figure 4. Once one un-
derstands the rebalancing behavior of a dynamic investor (as illustrated in Table II and Figure
2), the prominent state-dependent horizon eﬀect seems quite sensible. When (φ1, φ2) = (0.0005,
0.0002), for example, an investor with a one-year horizon anticipates an initial holding period of
eleven months, and thus has to account for at least a eleven-month mean reversion of the return
volatility in the initial optimal portfolio if the current return volatility is not at the steady state.
For this reason, the horizon eﬀect depends on the current return volatility in the first few periods,
after which it converges toward a flat long-run trend.
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4 Predictable Return and Time Varying Volatility
4.1 Conditional Distribution of Stock Return
Having illustrated the portfolio impact of time varying volatility alone in the presence of transac-
tion costs, we now want to introduce return predictability as well given the well-known empirical
evidence. Earlier studies have examined the other special case where only return predictability is
incorporated in an asset allocation framework. A more general framework allowing for changing
investment opportunity sets characterized by both the first two return moments may shed light on
how the interaction between their time variations aﬀects an investor’s portfolio decision. We use
the VAR return dynamics described in Section 2.1 to pursue this direction.
To facilitate the later portfolio analysis accounting for parameter uncertainty, we employ the
Bayesian approach for parameter estimation because the resulting parameter posterior distribution
not only summarizes all the data-based information but also reflects the uncertainty surrounding the
parameter values induced by estimation errors. To complete the model specification required by the
Bayesian approach, we must specify a prior on the parameter vector θ. We follow the rules suggested
by Jeﬀreys to form a “noninformative” prior,21 although other forms of prior knowledge reflecting
the extent of diﬀerent beliefs in predictability could also be easily applied to our framework. The
prior knowledge on the parameters is then updated by the observed data according to the Bayes
rule, providing a posterior distribution of the parameters, p(θ| data).
Table III reports the posterior mean and standard deviation of the parameters for model (1),
obtained by generating 150, 000 samples from the posterior distribution. Since the VAR model
is complicated by the ARCH components in that the regression parameters and heteroskedastic
parameters in the likelihood function are not separable, the posterior is actually far from any
typical distribution that can be easily simulated. Fortunately, the MCMC approach, benefiting
from the fast development of computing power, provides us an eﬃcient way to generate simulations
from the posterior.22
The first panel of Table III uses the data from the full sample period from June 1952 through
December 2001, and the second panel uses the subsample from January 1972 through December
2001. Since the dividend yield is the unique predictor, the first column of the coeﬃcient matrix B,
denoted by B·,1, is a zero vector.
Several key characteristics of the monthly return data indicated by the reported estimates are
worth noting and will turn out to have substantial impacts on the optimal portfolio choice discussed
in the following sections. Look first at the results from the longer sample period of 1952 — 2001. The
slope coeﬃcient of the regression of stock returns on the dividend yield, B1,2, is estimated at 0.2775
with a standard deviation of 0.1493, indicating a weak statistical significance of predictability of
expected return, which is consistent with results in earlier studies. The correlation parameter, ρ,
estimated at −0.9323, suggests a strong negative correlation between stock returns in the current
period and returns in the future.
21See Zellner (1971), pp. 41—53, for details.
22Recent applications using MCMC include Avramov (2002) and Johannes, Polson, and Stroud (2002), to name a
few.
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At the same time, the dividend yield and hence the conditional expected return exhibit a
high degree of persistence as evidenced by the strongly significant AR(1) coeﬃcient of 0.9866. In
contrast, the conditional volatilities of the stock return and the dividend yield have much lower
(although still significant) persistence, measured by their ARCH coeﬃcients β1 = 0.2636 and
β2 = 0.3679, respectively. Note that this finding of a low degree of persistence in the conditional
volatility of monthly stock returns is consistent with findings such as in Glosten, Jagannathan, and
Runkle (1993), and should not be viewed as dependent on the ARCH(1) specification.
The more recent subsample period of 1972 to 2001 yields estimates that reflect the same char-
acteristics of the return dynamics, although the measurement errors are relatively higher due to
the smaller sample size.
4.2 State-Dependent Horizon Eﬀect of Buy-and-Hold Strategy
The two graphs at the left in Figure 5 show the optimal buy-and-hold stock allocations based on the
parameter estimates reported in the first panel of Table III, plotted against horizons of one month
to ten years with various current state values. Estimation risk is still ignored in this section, and
the parameter estimates are taken as if they are the true values of the model parameters. Ignore
at this point the right-hand graphs, which will be discussed in later sections where estimation risk
is considered.
Note that there are three state variables in the dynamics of stock returns – expected stock re-
turn, conditional stock return volatility, and conditional dividend yield volatility, which are linearly
related to lagged dividend yield, lagged squared return shock, and lagged squared dividend yield
shock, respectively. Since the former two are the main concerns of a risk-averse investor seeking
to balance between return and risk, for illustration we fix the current dividend yield volatility at
its steady state value, and let the current values of the other two state variables vary around their
steady state values. This lets us see the impact of the deviations of the current expected return
and volatility on the portfolio choice.
The upper left-hand graph displays cases with three diﬀerent values of current expected stock
return – one sample standard deviation above (dotted), at (solid), and below (dashed) its un-
conditional mean, and with the same current stock return volatility of its unconditional mean. In
the lower left-hand graph, the current return volatility takes three diﬀerent values – one sample
standard deviation above (dotted), at (solid), and below (dashed) its unconditional mean, while
current expected return is fixed at its unconditional mean.
The horizon eﬀect shown in the upper left-hand graph of Figure 5 resembles those implied by
the homoskedastic model in Barberis (2000), that is, a state-independent rising stock allocation
as a function of the horizon. The horizon eﬀect illustrated in the lower left-hand graph, where
the current return volatility varies, is in sharp contrast. It is no longer monotonically increasing
but becomes state-dependent, particularly in the short run. Even more striking, when the optimal
one-month stock allocation is higher than average due to lower-than-average current volatility, the
optimal stock allocation first dramatically declines as the horizon lengthens up to about a year, and
then turns around and starts to increase with the horizon. This finding is contrary to the popular
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advice that investors with longer horizons should always invest more heavily in risky assets. So it
should be clear that portfolio choice depends significantly not only on how soon utility is realized
but also on the current state of the investment opportunity set.
Although sharing the same short-run state-dependent horizon eﬀect as in the simpler model of
Section 3 where return predictability is ignored, the current general model exhibits a diﬀerent long-
run pattern in its stock allocation lines – a rising horizon eﬀect regardless of current state. This
is driven by another critical mechanism that, in addition to the mean reversion of return volatility
as pointed out earlier, operates with the underlying return process (1). It is the well-known mean
reversion eﬀect of stock returns, which is in eﬀect even in a homoskedastic setting (e.g., Barberis
(2000), Wachter (2002)).23 Intuitively speaking, when returns are negatively autocorrelated as a
result of a negative correlation between realized and expected returns, the cumulative return mean
grows faster with the horizon than the variance of the return. This makes stocks appear more
attractive at long horizons than at short horizons, giving rise to an upward-sloping horizon eﬀect.
As we see, the two driving forces – the mean reversion of return volatility and the mean
reversion of stock returns – could aﬀect the optimal portfolio allocation in the same or opposite
directions. Whether a rising or falling horizon eﬀect results depends on which of the two mechanisms
dominates and what the current state of the economy is. It is very clear in the lower left-hand
graph in Figure 5 that in the case of a negative (positive) shock to the current return volatility, the
mean reversion of the return volatility dominates in the short run due to the relatively short-lived
volatility shock, so there is a dramatic declining (rising) horizon eﬀect. Once volatility converges at
its average value after around a year, the mean reversion eﬀect of returns takes the place, leading
to a long-run positive horizon eﬀect.
Now that we understand the driving forces behind the various patterns of the horizon eﬀect for
diﬀerent current return volatilities, it is natural to ask why we don’t observe a similar result in the
upper left-hand graph in Figure 5, where expected returns are supposed to be mean reverting. The
answer lies in the diﬀerence between the degrees of persistence of the first and second moments
of stock returns. This can be seen mathematically by examining E0(rt) and V0(rt), two major
components of the cumulative return mean and volatility with respect to current time 0. When the
current dividend yield volatility is at its steady state as we assume throughout, it is straightforward
by the law of iterated expectation to express E0(rt) and V0(rt) as follows:
E0(rt) = E0(µr,t−1),
and
V0(rt) = B21,2V0(xt−1) +E0(σ
2
r,t−1),
where, in the present context, xt denotes the single forecasting instrument (the dividend yield),
and µr,t−1 and σ
2
r,t−1 denote the conditional return mean and volatility, respectively. We first focus
on the impact of the investment horizon on E0(µr,t−1) and E0(σ
2
r,t−1). Recall that the return mean
23Appendix C of Wachter (2002) demonstrates in a continuous-time setting that stock returns exhibit mean rever-
sion for realistic parameter values.
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exhibits a much higher degree of persistence than the return volatility. This distinction, as measured
by the contrasting autoregressive coeﬃcients B2,2 = 0.9866 and β1 = 0.2636, enlarge dramatically
with the investment horizon as reflected in the time-dependence of E0(µr,t−1) and E0(σ
2
r,t−1). Note
that 0.98665 = 0.9348, while 0.26365 = 0.0013, which indicates that 94 percent of a shock to
the current expected return remains in eﬀect after five periods, while the impact of a volatility
shock vanishes quickly. The long-lasting eﬀect of the expected return shock dramatically reduces
the influence of its mean reversion, so the mean reversion eﬀect of the stock returns dominates
throughout in the upper left-hand graph of Figure 5, leading to a positive horizon eﬀect, regardless
of the current state.24 This also explains why the state-dependence of the short-run horizon eﬀect
is not found in the early studies that use dividend yields as the single predictor in a homoskedastic
setting (Stambaugh (1999) and Barberis (2000)) or a heteroskedastic setting (Lynch and Balduzzi
(2000)). Although Stambaugh (1999) and Barberis (2000) show that, accounting for estimation
risk, the stock allocation lines show convergence and state-dependence, their result is attributable
to a diﬀerent reason – uncertain return predictability – and does not hold when the parameter
estimates are treated as the true values. Lynch and Balduzzi (2000) allow for time variations in
both of the first two return moments in their examination of rebalancing behavior in the presence of
transaction costs. The return predictability in their study, however, is modeled in a way that both
the expected return and volatility are functions of the previous dividend yield, which, contrary to
the evidence in the literature, imposes a substantially high degree of persistence on the monthly
return volatility and confounds the state-dependent horizon eﬀect.
The left-hand graph in Figure 6 examines the allocation when current expected return and
volatility are both below their steady state values. Again, the U-shaped pattern of the horizon eﬀect
results from the mean reversion in the return volatility. To provide a better sense of how varying
persistence levels of the state variables can make a diﬀerence in the way the horizon aﬀects the
optimal stock allocation, Table IV reports the corresponding means and volatilities of cumulative
log excess returns for various investment horizons. For comparison purposes, those corresponding
to the steady state are also reported. Consistent with our early understanding of the underlying
mechanisms, the expected return exhibits a low mean-reverting rate; the expected cumulative return
remains at less than half of the long-run average even after eighteen months, while the conditional
volatility quickly achieves convergence toward its long-run average within a year. This causes the
variance of the cumulative log stock return to grow much faster than the mean within the first
year, hence leading to the dramatic drop of the stock allocation line as illustrated in the left-hand
graph of Figure 6.
The graphs on the left side of Figure 7 and Figure 8 report the results for the more recent sample
period of 1972 to 2001, which essentially demonstrate the same patterns for the same reasons.
24The influence of the mean reversion of stock returns can actually be seen in the other important component
of the cumulative return volatility V0(
ST
t=1 rt), that is, the cross-time covariance. This component is negative in
our data and dominates the positive impact of B212V0(xt−1) on the cumulative return volatility. It is this negative
autocorrelation of stock returns that causes the cumulative return volatility to grow more slowly with the horizon
than the cumulative return mean in the long run.
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4.3 Optimal Rebalancing
4.3.1 Eﬀect of Transaction Costs
We use the full sample from June 1952 through December 2001 in the parameter estimation to
alleviate potential estimation risk. The maximum-likelihood estimates we adopt (not reported
to preserve space) reflect essentially the same features as characterized in Table III: the positive
predictability of dividend yields, negative correlation between dividend yield shock and stock return
shock, and diﬀerent degrees of persistence of the expected return and volatility (high versus low).
Table V reports the expected initial holding period when the current investment opportunity is
at the steady state. Even facing a fairly low level of transaction costs (φ1, φ2) = (0.0001, 0.0001), for
example, a dynamic investor with a two-year horizon has a three-month expected holding period,
which subjects his initial stock allocation to the following three-month mean reversion eﬀect of
return volatility. However, in comparison with the result in Section 3 where return predictability
is ignored, the expected portfolio holding periods implied here are significantly shorter. This,
to a large extent, reflects the relatively higher benefit from a rebalancing induced by time varying
expected return than a rebalancing induced by time varying volatility. This is mainly caused by the
relatively more important role of risk premium in asset allocation decision as well as the relatively
higher degree of persistence of a monthly expected return shock. In other words, since an expected
return shock has a long-lasting eﬀect, a timely rebalancing due to a change of conditional expected
return will have long-lasting benefit since it can possibly eliminate the need to rebalance again in
the following few periods.
It is also interesting to see that in the presence of realistic transaction costs, the expected
holding period first lengthens and then slightly shortens when the investment horizon increases, as
shown in the middle four rows of Table V. When the horizon is short, the expected holding period
is restricted mainly by the length of the horizon, and thus lengthens when the horizon gets longer.
In the meantime, since an appropriate and timely rebalancing eliminates the need to rebalance
for several periods in the future, the transaction costs of a rebalancing are virtually spread over
the future periods. In this sense, transaction costs are reduced and the benefits of rebalancing are
enhanced when the horizon lengthens. This explains the later declining expected holding period as
a function of the horizon.
4.3.2 The Short-Run Horizon Eﬀect
Figures 9 and 10 show the initial optimal allocations to stocks plotted against the investment
horizon. Conscious of the negligible mean reversion eﬀect of the expected return, we report only
cases for diﬀerent current return volatilities. And as we are interested mainly in the short-run
horizon eﬀect here, we calculate the optimal allocation to stocks only up to a two-year horizon.
The left-hand graph in Figure 9 describes no transaction costs, and the right-hand one extremely
high transaction costs. Look first at the case of no transaction costs. When the current investment
opportunity set is at its steady state (solid line), we again observe a rising horizon eﬀect throughout,
similar to the result in the buy-and-hold strategy. As Barberis (2000) points out, however, the result
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here is of a diﬀerent nature from the static case. Since in our data the change in expected return
is negatively correlated with the change in realized stock return, a multiperiod risk-averse investor
will choose to hedge against the stochastic time variation in the opportunity set by appropriately
increasing holdings of stocks. It is this risk premium-related hedging demand that leads a dynamic
investor to allocate more to stocks, the longer the investment horizon. On the other hand, it is not
surprising to see the persistent impact of a current volatility shock on the initial stock allocations
even for investors with longer horizons, since a dynamic investor knows that he can always costless
rebalance against any mean reversion of future volatilities. Therefore, a monotonically rising horizon
eﬀect results, whatever the current state.
The second case, in the right-hand graph, replicates the buy-and-hold scenario. Because the
model adopted in the dynamic case diﬀers slightly from the one in the static case, there is a
quantitative diﬀerence from the lower left-hand graph in Figure 5. The qualitative results, however,
are quite similar between the two plots.
Intermediate cases with realistic transaction costs are illustrated in Figure 10. An overall
observation in these plots associated with the expected portfolio holding periods reported in Table
V is that the investor who faces higher transaction costs and therefore longer expected holding
period would have a portfolio allocation that bears a larger portion of the mean reversion eﬀect of
return volatility.
The resulting state-dependence of horizon eﬀect partially support the findings of Brandt (1999)
and Aït-Sahalia and Brandt (2001). Using an econometric approach based on a Euler equation ob-
tained from the dynamic problem, they successfully bypass the stage of return model specification
in estimating the optimal consumption and portfolio choice, and also show that at certain values of
the current state, a multiperiod investor should hold less risky assets than a single-period investor,
in both buy-and-hold and rebalancing cases. They attribute this diﬀerence from the strictly positive
horizon eﬀect found in Barberis (2000) to the potential model misspecification of a homoskedastic
structure. Without using a nonparametric framework, we demonstrate a similar result by explicitly
incorporating in the stock return model an additional factual feature documented in the litera-
ture but ignored by many researches – return heteroskedasticity – as well as realistic transaction
costs. The similarity between our result and theirs is at least indicative that conditional return
heteroskedasticity is a crucial feature reflected in the data that should be appropriately captured by
any parametric return model cast in a decision framework. For a completely diﬀerent reason, Xia
(2001) also discovers a state-dependent horizon eﬀect. She argues that, under uncertain predictabil-
ity, the learning-based hedging component is positive when the current dividend yield has a value
lower than its long-run mean, and negative when otherwise. Recognizing the limitation of those
models that either abstract from the well-documented time variation of volatility or ignore realistic
transaction costs, we show, by incorporating those two factual features, that a state-dependent
horizon eﬀect holds even when estimation risk is not accounted for, and is especially important for
short-horizon investors.
Some might question the appropriateness of modeling the monthly return volatility with a first-
order ARCH structure, and ask whether our finding that the short-run horizon eﬀect is dependent
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on current volatility could arise simply from the model’s tendency to capture a low degree of
persistence. Besides the justifications in Section 2.1 for the use of such low-order ARCH model
for monthly returns, it is especially important for us to point out that the return dynamics we
use provide us only a tool to conveniently present the idea of the portfolio impact caused by mean
reversion in the investment opportunity set. Any return model will suﬃce as long as at least one
of its state variables displays a low level of persistence. In fact, even with a homoskedastic model,
once a financial variable with a relatively low degree of persistence is included to forecast the stock
return, a short-run state-dependent horizon eﬀect will become evident. Thus our results reported
so far hold in general and are not model-dependent.
4.3.3 Importance of Observing Current Return Volatility
In the previous sections, we have examined various horizon eﬀects and their underlying driving
forces. Our results can also be viewed from another standing point, which is interesting enough for
further discussions.
Look first at the graphs in Figure 10. A shock to the current stock volatility has a pronounced
and immediate impact on the optimal stock allocation of a one-month investor, but the eﬀect decays
quickly as the horizon lengthens due to the short-lived volatility shock and realistic transaction
costs, which leads to the convergence of the optimal stock allocation lines corresponding to diﬀerent
current states. For transaction costs (φ1, φ2) = (0.0050, 0.0020), for instance, a one sample standard
deviation downward shift of the return volatility produces a 20 percent upward revision in the one-
month stock allocation, but this sensitivity quickly vanishes as the horizon increases.
The intuition of this decaying portfolio sensitivity is that since return volatility will quickly
converge towards its steady state value, when an investor expects a long holding period for the
initial portfolio, what matters most in his portfolio decision is the long-run steady state value
of return volatility; the current return volatility is thus a negligible factor. The general rule is
that the longer the expected initial holding period, the less sensitive the initial optimal portfolio
is to the current return volatility. This explains the relatively modest convergence shown for
the case of (φ1, φ2) = (0.0001, 0.0001). In this case, the expected initial holding period is only
about three months even for a two-year investor, so only a small portion of the mean reversion of
return volatility is reflected in the initial portfolio choice. In the meantime, as Table V shows, the
level of transaction costs and the investment horizon are the two important determinants of the
initial expected holding period. They thus should be considered highly relevant for assessing the
economic importance of observing the current volatility shock. Broadly speaking, if a change in
current investment opportunity set is due to shocks on certain low persistence state variables, in the
presence of realistic transaction costs, the longer the horizon, the less an initial optimal portfolio
will diverge from its average value.
Another interesting observation is that with similar expected holding periods for (φ1, φ2) =
(0.0050, 0) and for (φ1, φ2) = (0, 0.0002), as shown in Table V, the former case exhibits much
faster convergence of optimal stock allocations toward average values than the latter. The reason
is the aforenoted diﬀerent rebalancing behaviors in the presence of nonzero proportional costs and
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fixed costs. Because rebalancing in the case of nonzero proportional costs would not serve to fully
absorb a shock to the state of the economy (recall that it adjusts portfolio weights only to the
closest boundary of the no-trade region), the expected holding period in this case is eﬀectively
longer than it appears, so the mean reversion of return volatility has more of an impact on the
initial portfolio choice.
Additional insight into the economic importance of accounting for a shock on the current return
volatility can be obtained by computing the utility loss associated with a suboptimal portfolio
strategy that assumes return volatility to stay constant at its steady state value, implied by the
true return dynamics, at any time in the investment horizon. To be precise, let {ωt} denote the
optimal dynamic strategy according to the true return dynamics (1) with time varying covariance
matrix Σt and let {ωst} denote the suboptimal strategy that lacks the ability of observing Σt for
the current month and any time in the future and therefore is optimal to a misspecified return
dynamics with constant covariance matrix Σ = E(Σt).25 The covariance matrix is assumed to be
the only component that makes the misspecified return model diﬀer from the true model. In other
words, the specification about the time varying expected return, including the values of the related
parameters, a and B, are assumed to be the same in these two return models. The expected utilities
for both strategies are computed using the true predictive return distributions given by model (1),
and the expected utility v0 for each strategy is translated to certainty equivalent return (CER),
which is defined as the monthly rate of return that makes the investor indiﬀerent between gaining
CER on wealth with certainty every month and investing with the rebalancing strategy:
u(W0(1 +CER)T ) = v0,
where u is the utility function and T is the remaining time to the horizon.26
Table VI presents the percentage loss of CER for a suboptimal strategy that would have been
chosen if return volatility is assumed to stay constant. The parameter estimates using the sample
period 1952.6 — 2001.12, as reported in Table III, are taken as the true values for model parameters.
To better see the important relevance of investment horizons and transaction costs, the true current
return volatility is assumed to be at the level immediately after October 1987 crash, when return
volatility receives a large positive shock. The utility loss for not accounting for this volatility
increase in portfolio allocation is significant for a one-month investor, with 16 percent CER loss,27
since, as we discuss earlier, the knowledge of the true value of current return volatility is particularly
important for short-horizon investors. The utility loss, however, drops dramatically as investment
horizons lengthen because the monthly volatility shock is only transitory, and becomes negligible
25Note that ωt depends on Σt, but ωst 6= ωt(Σ) for t < T − 1.
26Our approach to utility comparisons diﬀer from that in some other studies (e.g., Gomes (2003)), where they
compare strategies that are optimal with respect to various return models that are seperately estimated with data.
As a result, two return models that both assume constant expected return but diﬀer in volatilty specifications, for
example, could also imply diﬀerent expected returns due to diﬀerent parameter estimates. We compare two models
that share not only the same expected return specification but also the same values for related parameters and
that assume distinct volatility processes, since this approach easily isolates the utility impact caused by volatility
specifications from that caused by expected return estimates and it is easy to interpret the resulting utility diﬀerence.
27Note that the initial portfolio allocation is not subject to transaction costs by assumption.
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with horizons longer than one year. Moreover, this downward trend of utility loss as a function of
the horizon is more significant when transaction costs are higher. Therefore, how much an investor
values the knowledge of the current volatility shock depends, to a large degree, on the length of his
investment horizon and the level of transaction costs he faces.28
4.4 Accounting for Estimation Risk
In a decision-theoretic framework, the uncertainty associated with stock investment involves not
only the return volatility captured in the dynamics (1), but also uncertainty surrounding the values
of the model parameters. The latter factor is likely to constitute a substantial component of the
uncertainty faced by investors, especially when certain key parameters, such as the slope coeﬃcient
of the predictive regression, are estimated with relatively high standard errors. Thus, taking statis-
tical estimates as if they are the true values is a dangerous practice for portfolio decision making, as
considerable overallocations to stocks may result from an understatement of the future uncertainty
associated with stock investment. We would like to investigate the impact of estimation risk in our
investment framework.
In the dynamic setting, parameter uncertainty introduces an important eﬀect – learning-based
hedging demand. With estimation risk accounted for, the investor’s knowledge about the para-
meter values is altered when new data become available. Thus, posterior knowledge about the
return-generating process makes up another element of the set of state variables that a rational
investor hedges against. The intuition of learning-based hedging demand might be seen more easily
with an independent and identically distributed (i.i.d.) return process with the mean as the only
unknown parameter. In this setting, a Bayesian investor rationally adjusts his belief about the re-
turn mean, which represents the perceived state of economy, upward (downward) when high (low)
stock returns are newly observed. In anticipation of learning more about the return mean and a
positive correlation between the realized returns and the perceived investment opportunity, holding
less in stocks is an eﬀective way to hedge for a long-horizon investor. Introducing this learning
eﬀect in a more general setting such as predictable returns, however, could dramatically increase
the dimension of the state space and create a diﬃcult dynamic problem in a discrete time setting.
We focus for two reasons on the extreme case with a significantly high level of market frictions
so that the dynamic investor is virtually forced to follow a buy-and-hold strategy. The first reason
relates to our main focus on the impact of the time-varying investment opportunity set, particularly
its mean reversion eﬀect, on the optimal portfolio choice. The return model developed presents the
idea by capturing the time variation of the conditional second return moment. Since, unlike the
well-known weakly significant slope coeﬃcient in the predictive regression, the ARCH coeﬃcient β,
reflecting the predictability of volatility, is shown to be highly significant with a t-value of above 4
for the sample period 1952 through 2001, which indicates a negligible if any eﬀect of measurement
error. The learning eﬀect regarding this parameter γ is thus believed to be minimal.
28Fleming, Kirby, and Ostdiek (2001) and Johannes, Polson, and Stroud (2002) find a significant economic value
of volatility timing with daily rebalancing strategies. This is mainly caused by the substantial variation in daily
volatility due to its high degree of persistence (Nelson (1991)). Their studies, however, don’t account for the impact
of transaction costs for optimal rebalancing in an integrated framework.
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Second, robust results in the extreme buy-and-hold situation, if proved, should be able to
provide reasonably convincing evidence indicating a similar conclusion for the more general case
when the extreme assumption on market frictions is relaxed in a realistic way, and when, as a
result of the learning eﬀect, the dynamic problem requires enormous, careful eﬀort to solve.29 For
examples of the learning problem in a dynamic asset allocation framework, see Brennan (1998) and
Xia (2001) in a continuous time setting.30
As we described before, calculation of the expected utility is no longer based on the return
distribution conditional on the fixed parameter estimates, but rather on the so-called predictive
distribution, p(
PT
t=1 rt| data), generated by integrating over the parameter space according to the
parameter posterior. As can be easily seen from the expression:
p(
XT
t=1
rt| data) =
Z
p(
XT
t=1
rt|θ) · p(θ| data)dθ,
simulation from the predictive probability density function p(
PT
t=1 rt| data) consists of two steps:
first, simulate the posterior distribution of θ, given the historical data; then, given the simulated
θ and the current state values, generate
PT
t=1 rt from the return dynamics (1). This approach, by
including the first step, captures the additional perceived uncertainty of stock returns arising from
inability to know the parameter values.
The results taking estimation risk into account are graphed in the right-hand panels of Figures
5 through 8 to permit comparison with those ignoring parameter uncertainty. Comparing the
optimal stock allocations with and without estimation risk enables us to get an idea about the role
of parameter uncertainty in an investor’s asset allocation decision.
Overall, the plots in the right-hand graphs in Figures 5 through 8 show that our results regarding
the state-dependent short-run horizon eﬀect remain evident even after taking parameter uncertainty
into account, although in all the illustrated cases, parameter uncertainty has been shown to have
substantial impacts on portfolio choices. The uncertainty that investors perceive in their stock
investment is increased, especially to long-horizon investors, inducing a considerable downward
revision in the optimal stock allocation. For example, a five-year investor at the steady state will
lower his stock allocation by more than ten percent after considering parameter uncertainty.
Intuitively speaking, when parameter uncertainty is acknowledged, a high (low) realized stock
return is more likely to be induced by a set of high (low)-return-generating parameter values, which
in turn are perceived to tend to produce high (low) returns for future periods. Thus, parameter
uncertainty causes positive serial correlations of perceived stock returns, which makes the variance of
cumulative returns grow at a much faster rate than the mean, thereby making the stock investment
less attractive to long-horizon investors.
29Brandt, Goyal, Santa-Clara, and Stroud (2003) propose a simulation-based approach to solving a dynamic port-
folio choice by expanding the value function in a Taylor series and imposing a parametric form of conditional ex-
pectations. Their across-path regressions eﬃciently use the information in all the expensive computer-generated
simulations and therefore have an advantage in the sense of computing speed. Their approach also has the potential
to handle more general and complex dynamic problems such as learning.
30Brennan (1998) analyzes learning eﬀects without return predictability; Xia (2000) assumes a predictable but
homoskedastic return model and examines the eﬀect of learning about the parameters relating to the first moment
of returns. Both studies, however, assume no transaction costs.
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On the other hand, due to the accumulation of uncertainty induced by estimation risk over
the horizon, the drops of stock allocations from the case ignoring parameter uncertainty are much
more substantial for a longer-horizon investor. For example, for the sample period of 1972 through
2001 (Figure 7), a CRRA investor with a ten-year horizon will on average overinvest in stock by
nearly 50 percent if he ignores the estimation risk (the solid line), while little diﬀerence can be
seen for a one-month investor. This illustrates that especially for a young investor with a relatively
long horizon the practice of using fixed parameter estimates in a decision making framework could
be seriously flawed, and that a sophisticated decision maker needs to properly account for the
uncertainty induced by estimation risk. Further, for the shorter sample period of 1972 — 2001, the
positive serial correlation of stock returns caused by parameter uncertainty could sometimes be so
significant that it leads to a slightly declining stock allocation over the horizon even in the long
run, as shown in Figures 7 and 8.
More interestingly, if we take a closer look at the parameter estimates in Table III, we notice
that the posterior standard deviation is much higher relative to the corresponding posterior mean
for the slope coeﬃcient B12 than for the ARCH coeﬃcient β1. This suggests a higher degree of
uncertainty surrounding return predictability than time varying volatility. As a result, to the extent
of uncertain return predictability reflected in the posterior parameter distribution, the general VAR
return model (1) in the presence of estimation risk is close to the simpler ARCH return structure
(8), which completely ignores return predictability. Therefore, when a relatively larger degree of
parameter uncertainty is induced by a shorter sample period of 1972 — 2001, the stock allocation
lines in the lower right graph of Figure 7 exhibit a very similar long-run flat pattern to those in
Figure 1.
4.5 Practical Implications
Our new finding on the horizon eﬀect suggests that a longer horizon, depending on the current
state values, may imply a smaller risky investment in the short run, which is at odds with the
typical recommendation of investment advisors, who usually suggest investors allocate more into
stock, the longer they expect to hold the portfolio. Thus further investigation is needed to examine
the practical value of our results. Because all the results obtained so far are based on the data up
to December 2001 and exogenously varying the current state values, a natural concern may be how
often a short-run negative horizon eﬀect can occur with realized state values and real-time data.
To address this question, we repeat the parameter estimation and buy-and-hold asset allocation
with rolling sample windows, month by month, from January 1999 through December 2001. The
estimation at each time is conducted using real-time data; i.e., at the end of each month the
preceding 45-year observed data are used for estimation, and the realized state values are used for
portfolio allocation. Maximum-likelihood estimates of the parameters are used and the estimation
risk is ignored in this analysis. At each month, the optimal stock allocations are calculated for a
variety of holding periods, and the diﬀerence between stock allocations of a multiperiod horizon
and a one-period horizon is computed.
Figure 11 plots the time series of the diﬀerences in the optimal stock allocations. A positive
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value of this diﬀerence indicates a rising stock allocation over a horizon, while a negative value
suggests a declining pattern. Look at the upper left-hand graph of Figure 11, for example. This
graph plots the time series of the diﬀerence of the optimal stock allocations between a six-month
horizon and a one-month horizon. Here, most points are below zero, indicating that a six-month
investor should actually have invested less in stocks than a one-month investor for most of the time
during the period of 1999 — 2001.
The points appear to move upward in the next few graphs, and most of them are above zero
in the three-year over one-month graph. This trend is consistent with our early observation that
in the long run optimal stock allocations tend to increase with the horizon. Nevertheless a longer
horizon that implies a lower stock allocation in the short run does occur quite often in practice
with real-time state values.
We therefore claim that in our model the time variation of conditional volatility does have sig-
nificant practical impact on the way the investment horizon interacts with a multiperiod investor’s
portfolio choice. A more general statement that is model-independent would be that, although it is
true that investors with longer horizons should allocate more to stocks in the long run, more care
needs to be taken in advising short-horizon investors, especially if the unusual current state of the
economy is caused by deviations of certain low persistence state variables.
5 Conclusion
In light of mounting evidence on predictable time variations in both the expected return and
volatility and significant impact of market frictions on portfolio rebalancing, we call into question the
results obtained by previous studies that examine the portfolio implications under the assumption
of constant return volatility or zero transaction costs. When the current monthly return volatility
deviates from the steady state, its relatively fast mean reversion in the following periods may
substantially influence the portfolio decision for a multiperiod investor if, because of the transaction
costs, the investor anticipates a long holding period for the initial portfolio. Accordingly, we
reexamine the horizon eﬀect using a model that allows for monthly time variations of both the first
two return moments and, more important, realistic transaction costs.
The results provide a new insight into the portfolio literature. At a fairly moderate level of
transaction cost, a dynamic investor who has the opportunity to rebalance the portfolio every
month will in fact considerably reduce rebalancing frequency and therefore anticipate a sizable
holding period for the initial portfolio. Consequently, when the current return volatility is away
from the steady state, this expected buy-and-hold period subjects the initial stock allocation to an
important driving force of the return dynamics – the mean reversion of monthly return volatility in
the following few periods, leading to a positive or negative horizon eﬀect of a multiperiod investor,
depending on the current value of volatility. And this state-dependent horizon eﬀect dominates in
the short run because of the relatively low degree of persistence in monthly return volatility, while
a strictly positive hedging demand induced by negative correlation between realized and expected
stock returns takes the place in the long run.
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We also find a reduced sensitivity of the initial optimal stock allocation to current return
volatility as a function of the investment horizon in the presence of transaction costs. Further, a
calculation of utility loss for not being able to observe the changing return volatility indicates that
an investor values the knowledge of the true current volatility shock more when he has a shorter
expected portfolio holding period.
An important point we want to emphasize here is that our findings related to state-dependent
horizon eﬀect for an investor with a multiperiod but relatively short horizon are not dependent
on any specific approach to modeling volatility. In fact, the results hold in general as long as 1)
at least one state variable is not highly persistent, and 2) certain market frictions are recognized
in the dynamic problem. The first feature ensures a noticeable mean reversion of the investment
opportunity set in a case of deviation; the second feature acknowledges a portfolio holding period,
which makes it important to consider the direction of the mean reversion of the economy state in
choosing the initial portfolio. Broadly speaking, if deviations in the current investment opportunity
set are due to shocks in certain low persistence state variables, the direction of the mean reversion
of such state variables will determine the sign of the horizon eﬀect in the short run.
For simplicity of exposition, we allow the investor to have access to only two assets, one risky
and one risk-free. Incorporating a broader set of equity portfolios such as size and book-to-market
portfolios, or even fixed-income assets, may be interesting for future research. Including other
financial variables documented as having forecasting power for expected return and volatility, and
studying the impact of interactions between time variations of those predictors on portfolio choice
would also be interesting.
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Appendix A. Markov Chain Monte Carlo (MCMC) Methodology
Many characteristics of posterior distributions, such as mean and standard deviation, are of
interest in applications of the Bayesian approach. In most cases, where a complex form of distribu-
tion is required in modeling a realistic situation, the derived posterior distributions are usually far
from any typical form, so their features cannot be obtained analytically. In such cases, numerical
methods, particularly simulation approaches in the case of high-dimensional problems, are carried
out to get approximations. Many eﬀective methodologies have been developed and tested in the
statistics literature. Markov Chain Monte Carlo simulation is an approach that has proven to be
quite eﬃcient even with high-dimensional distributions, and appears to be the easiest way to get
reliable results for a general complex distribution, at least when used carefully.
The main idea of MCMC in simulating from a desired distribution is to construct a Markov chain
(possibly of high dimension), by defining a starting point and an appropriate transition matrix,
so that this Markov chain converges to a stationary distribution that, by construction, coincides
with the distribution of interest. In this way a simulation through the constructed transition matrix
provides a series of draws from the Markov chain that in the long run are approximately distributed
according to the desired distribution. The approximate distribution of each of the sequential draws
is improved along the simulated series.
Thus, forming an appropriate transition matrix is the key step in generating a Markov chain
that in the long run is approximately distributed at the target distribution. Many clever methods
have been devised for arbitrary probability distributions. We describe the Metropolis algorithm
that we use in the present study. For some other commonly used algorithms, such as the Gibbs
sampler or a more general Metropolis-Hastings algorithm, see Gilks, Richardson, and Spiegelhalter
(1996).
Given a target distribution denoted by f(θ) that can be unique up to a normalizing term, the
Metropolis algorithm provides a way to generate a sequence of a Markov chain whose limiting
distribution is exactly the target distribution. The simulation algorithm proceeds as follows:
1. Pick a starting point θ0, satisfying f(θ0) > 0.
2. Choose a proposal distribution p(y|x), which is required to be symmetric, that is, p(y|x) = p(x|y).
At each time t, draw a candidate point θ∗ from the proposal distribution p(θ∗|θt).
3. Calculate the acceptance rate:
r = min(
f(θ∗)
f(θt)
, 1).
4. Sample a random number γ from a uniform distribution between zero and one.
5. Set
θt+1 =
(
θ∗ if γ < r
θt otherwise
A Markov chain is generated by repeating steps 2 through 5. Special care needs to be taken in
choosing an appropriate proposal distribution p(y|x) used in generating this Markov chain. A good
proposal distribution should at least: 1) Be easy to sample from; 2) generate candidate samples
well spreaded over the parameter space, i.e., each jump goes a reasonable distance; and 3) have
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relatively high acceptance rates, or the Markov chain will be trapped at some local points too often.
In addition, since theory has only convinced us that the converging distribution of such a Markov
chain is the desired distribution, the first few simulations (a burn-in period), say, 1000 samples, need
to be discarded in practice in order to diminish the eﬀect of the starting distribution. In this sense,
choosing a starting point in the first step described above is not that critical in the application, as
long as the ultimate inferences are based on draws from later converged sequences. The properties
of a Markov chain give rise to another issue with regard to iterated simulation draws, that is, the
inherent within-sequence correlation; the precision of inferences based on simulations is generally
reduced by potential correlations among the draws. This problem can be alleviated by using every
kth simulation draw for a positive integer k chosen depending on the computing resources available.
Theoretically, the MCMC approach could eﬀectively generate samples from a general probability
distribution, given satisfaction of some regularity conditions. The theory of convergence, however,
works only in limiting situations or at least after a long enough series of iterations, while in practice
only a finite number of samples can be drawn, which might be far from what is desired to achieve
such convergence. Therefore, care must be taken to check the convergence of the simulated chains.
Many diﬀerent algorithms of monitoring convergence have been developed, but none will work
for all cases. A simple way to assure a convergence, which requires intensive computing resources,
is to generate several independent Markov chains from diﬀerent well-dispersed starting points,
compare the resulting limiting distributions, and then check the robustness of the subsequent
inferences.
In the case of a multimodal probability distribution, a naive version of the Metropolis algorithm
may work extremely poorly in that most of the draws could be trapped around a certain mode
(local or global) and present misleading information regarding the original distribution. If we know
the locations of the modes of a distribution, an additional between-modes switching scheme can be
added at each step of the iteration in order to spread draws across diﬀerent modes. This practice,
however, is impossible if the approximate locations of the local modes are unknown.
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Appendix B. Discretization of Continuous State-Space VAR Process
The discretization procedure in the context of our two-dimentional VAR process is described
here. I will first describe it in general terms for a first-order Markovian process, which can be fully
described by a conditional probability density f(xt+1|xt), where xt denotes the state variable. A
high-dimensional high-order Markovian process can be discretized with a straightforward general-
ization of the approach. I will then give an outline of of the application of this approach to our
employed return dynamics.
For a general function u(y), the expected value of u(xt+1) conditional on xt = x can be written
in the integration form of Z
u(y)f(y|x)dy
This integral could be approximated by a finite sum using the Gaussian quadrature formula,
which is designed to output exact values of the integration for polynomials of degree up to a
chosen positive integer 2N −1 (see Judd (1998) for details on the quadrature methods in numerical
integration). This accuracy is achieved by eﬃciently choosing both the grids yk and the associated
weights wk with respect to an appropriately chosen weighting function ω(y). Applying the Gaussian
rule to the integration above, the approximation is obtained asZ
u(y)f(y|x)dy (9)
=
Z
u(y)f(y|x)
ω(y)
ω(y)dy
≈
NX
k=1
u(yk)f(yk|x)
ω(yk)
wk
≈
NX
k=1
u(yk)π(yk|x)
where
π(yk|x) = f(yk|x)s(x)ω(yk)wk
and
s(x) =
NX
k=1
f(yk|x)
ω(yk)
wk
The summation (9) suggests an eﬀective way to approximate the continuous conditional density
f(y|x) with a discrete distribution π(yk|x) in the sense that the latter provides a good approximation
of the expectation of an arbitrary function u(y). Furthermore, by restricting π(yk|x) to the grids,
a discrete state-space Markov chain is constructed. This should serve as a good approximation of
a given continuous state-space process whose quality can be expected to improve with finer grids.
A key issue in applications of this discretization procedure involves an appropriate selection of
a weighting function. As suggested by Tauchen and Hussey (1991), we use the conditional density
at the steady state as the weighting function, primarily to make f(y|x)ω(y) well behaved in the y tails
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since the Gaussian quadrature rule provides good approximations of integrands close to polynomial
functions of certain degree.
Our AR(1) dividend yield process evolves with a normal distribution at each iteration:
xt+1|Ft−1 ∼ N(a2 +B2,2xt, s22t),
This results in a Gaussian form of the weighting function:
N(
a2
1−B2,2
, α2),
so the Gauss-Hermite grids and weights are adopted. The details of finding the eﬃcient grids and
associated weights for a particular weighting function can be found in Judd (1998).
Then given the discretized dividend yield process, return distribution can be easily calibrated
according to
ε1t = ρ
r
q +
p
s22(t−1)
ε2t + ζt
where
ζt|Ft−1 ∼ N(0, (1− ρ2)(p+ qs22(t−1)))
and is independent of ε2t. Note that the conditional distribution of ζt at the steady state is
N(0, (1− ρ2)(p+ qα2)),
which is used as the weighting function for discretization in this step.
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Table I: Parameter estimates of a simple stock return model only allowing for time variation
in volatility
The table reports the maximum likelihood estimates for the parameters of the return dynamics rt = a+ εt
with εt|Ft−1 ∼ N(0, st−1), where rt is the continuously compounded monthly excess stock return, and
where st is the conditional return volatility which follows an ARCH process st = α + βε2t . The estimates
and standard deviations (in parentheses) for parameters are reported. The sample period is from June 1952
through December 2001.
1952-2001
Constant expected return Scalar coeﬃcient ARCH coeﬃcient
a α β
0.0063 0.0015 0.0954
(0.0018) (0.0001) (0.0437)
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Table II: Expected portfolio holding periods for a dynamic investor facing transaction costs
and considering only time variation in volatility
The table estimates the expected initial stock holding periods for a dynamic investor with a variety of
investment horizons. The investor is assumed to have CRRA preference with a relative risk aversion of five
and have access to a stock index and a 1-month T-bill. The monthly stock returns evolve according to a
discrete Markov process capturing the time varying volatility reflected in model (8). Maximum-likelihood
estimates of the model parameters for sample period 1952.6 — 2001.12 are used as the true values. Estimation
risk is ignored. The investor is allowed to rebalance monthly and assumed to maximize expected utility over
terminal wealth subject to various levels of transaction costs, (φ1, φ2). The transaction cost, f , is in the
form of f = φ1|ω − bω| + φ2Iω 6=eω, where bω is the allocation to stocks inherited from the previous period,
and ω is the optimal stock allocation chosen in the current period, and the dollar amount of transaction cost
is Wf. The current investment opportunity set is at its steady state.
Transaction costs Investment horizon (in months)
(φ1, φ2) 3 m 6 m 9 m 12 m 15 m 18 m 21 m 24 m
(0, 0) 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
(0.0050, 0) 3.0 5.9 8.8 11.7 14.1 16.2 18.0 18.9
(0, 0.0002) 2.9 5.8 8.5 11.2 13.7 16.1 18.3 20.5
(0.0005, 0.0002) 3.0 5.8 8.7 11.5 14.2 16.7 19.2 21.7
(0.0050, 0.0020) 3.0 6.0 9.0 12.0 15.0 18.0 21.0 24.0
(0, 1) 3.0 6.0 9.0 12.0 15.0 18.0 21.0 24.0
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Table III: Parameter estimates of a heteroskedastic VAR model of stock returns
The table reports the Bayesian posterior estimates for the parameters of the return dynamics zt = a +
Bzt−1 + εt, where z
0
t = (rt, x
0
t) includes the continuously compounded monthly excess stock return rt
and the predictive vector xt, and where εt|Ft−1 ∼ N(0,Σt−1). The time-dependent covariance matrix
Σt = [sijt] is modeled as the ARCH structure siit = αi + βiε
2
it with the constant correlation assumption
sijt = ρij
√
siitsjjt. In the empirical analysis, the dividend yield is the unique predictor, and hence the first
column of the coeﬃcient matrix B, denoted by B·,1, is a zero vector. The mean and standard deviation (in
parentheses) of the posterior distributions for each parameter are reported. The first panel uses data from
June 1952 through December 2001, and the second panel uses data from January 1972 through December
2001.
1952-2001
a B·,2 α β ρ
-0.0002 0.2775 0.0014 0.2636 -0.9323
(0.0056) (0.1493) (0.0001) (0.0621) (0.0054)
0.0002 0.9866 0.0000 0.3679
(0.0002) (0.0059) (0.0000) (0.0706)
1972-2001
a B·,2 α β ρ
0.0049 0.1415 0.0015 0.3848 -0.9267
(0.0066) (0.1818) (0.0001) (0.1051) (0.0077)
0.0000 0.9915 0.0000 0.4804
(0.0002) (0.0074) (0.0000) (0.1087)
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Table IV: Mean and volatility of cumulative log excess returns of stocks
The table gives the mean and volatility of the cumulative log excess returns of stocks for various investment
horizons. The heteroskedastic VAR model (1) is employed to model historical data. No estimation risk is
accounted for, i.e., parameter estimates are treated as the true values in the model. With the assumed model
and the estimated parameter values reported in Table III, the mean and volatility for various holding periods
are computed at two diﬀerent sets of current state values of the conditional mean and volatility, one at one
sample standard deviation below their steady state values and the other at the steady state for comparison.
The sample period is 1952.6 through 2001.12.
Means of cumulative stock returns
Current state Investment horizon
1-month 4-month 8-month 12-month 18-month
Deviating state 0.0018 0.0071 0.0146 0.0228 0.0359
Steady state 0.0048 0.0187 0.0372 0.0559 0.0836
Volatilities of cumulative stock returns
Current state Investment horizon
1-month 4-month 8-month 12-month 18-month
Deviating state 0.0008 0.0058 0.0124 0.0186 0.0270
Steady state 0.0019 0.0071 0.0137 0.0198 0.0281
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Table V: Expected portfolio holding periods for a dynamic investor facing transaction costs
and considering time variation in both expected return and volatility
The table estimates the expected initial stock holding periods for a dynamic investor with a variety of
investment horizons. The investor is assumed to have CRRA preference with a relative risk aversion of five
and have access to a stock index and a 1-month T-bill. The monthly stock returns evolve according to
a discrete Markov process capturing the predictability of expected return and volatility reflected in model
(1). Maximum-likelihood estimates of the model parameters for sample period 1952.6 — 2001.12 are used as
the true values. Estimation risk is ignored. The investor is allowed to rebalance monthly and assumed to
maximize expected utility over terminal wealth subject to various levels of transaction costs, (φ1, φ2). The
transaction cost, f , is in the form of f = φ1|ω− bω|+φ2Iω 6=eω, where bω is the allocation to stocks inherited
from the previous period, and ω is the optimal stock allocation chosen in the current period, and the dollar
amount of transaction cost is Wf. The current investment opportunity set is at its steady state.
Transaction costs Investment horizon (in months)
(φ1, φ2) 3 m 6 m 9 m 12 m 15 m 18 m 21 m 24 m
(0, 0) 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.2
(0.0001, 0.0001) 2.5 3.2 3.4 3.3 3.0 3.0 2.9 2.8
(0.0050, 0) 3.0 4.3 4.4 4.4 4.3 4.3 3.8 3.8
(0, 0.0002) 2.7 3.7 4.2 4.3 4.4 4.2 4.0 3.6
(0.0050, 0.0020) 3.0 6.0 8.4 10.1 11.2 11.8 11.8 11.2
(0, 1) 3.0 6.0 9.0 12.0 15.0 18.0 21.0 24.0
41
Table VI: Utility loss of not accounting for volatility shocks
The table gives the percentage loss of CER for a suboptimal dynamic strategy that would have been chosen
if return volatility is assumed to stay constant at its steady state value, compared with an optimal strategy
with respect to the true return dynamics (1). The expected utility is computed using the predictive return
distribution given by the true return model, and is translated to certainty equivalent return (CER). The
parameter estimates using the sample period 1952.6 — 2001.12, as reported in Table III, are taken as the true
values for model parameters. To better see the important relevance of investment horizons and transaction
costs, the true current return volatility is assumed to be at the level immediately after October 1987 crash,
when return volatility receives a large positive shock. The transaction cost, f , is in the form of f =
φ1|ω − bω| + φ2Iω 6=eω, where bω is the allocation to stocks inherited from the previous period, and ω is the
optimal stock allocation chosen in the current period, and the dollar amount of transaction cost is Wf.
Investment Percentage loss of CER when transaction costs (φ1, φ2) equal to
horizon (0.0001, 0.0001) (0, 0.0002) (0.0050, 0) (0.0050, 0.0020)
1 m 16.07 16.07 16.07 16.07
3 m 3.77 4.01 3.11 3.81
6 m 1.35 1.48 0.95 0.70
12 m 0.46 0.41 0.25 0.21
18 m 0.21 0.20 0.14 0.11
24 m 0.11 0.09 0.07 0.02
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Figure 1. Optimal buy-and-hold stock allocation against investment horizon using a return
model only allowing for time variation in volatility
The CRRA investor with a relative risk aversion of five follows a buy-and-hold strategy to optimize expected
utility over terminal wealth. The stock return dynamics is specified as rt = a+εt with εt|Ft−1 ∼ N(0, st−1),
where rt is the continuously compounded monthly excess stock return, and where st is the conditional return
volatility which follows an ARCH process st = α+ βε2t . The current return volatility takes three diﬀerent
values – one sample standard deviation above (dotted), at (solid), and below (dashed) its steady state value.
The sample period for parameter estimation is from June 1952 through December 2001.
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Figure 2. Optimally chosen stock allocation, ω, plotted against inherited stock allocation, bω
The CRRA investor with a two-year investment horizon follows an optimal rebalancing strategy to maximize
utility over terminal wealth. The allowed rebalancing frequency is one month. The stock return dynamics is
specified as rt = a+εt with εt|Ft−1 ∼ N(0, st−1), where rt is the continuously compounded monthly excess
stock return, and where st is the conditional return volatility which follows an ARCH process st = α+βε2t .
Both proportional (denoted by φ1) and fixed (denoted by φ2) transaction costs are involved in rebalancing.
The transaction cost, f , is in the form of f = φ1|ω−bω|+φ2Iω 6=eω, where bω is the inherited stock allocation,
and ω is the chosen stock allocation, and the dollar amount of transaction cost isWf . Each graph represents
a diﬀerent level of transaction cost. The current investment opportunity set is assumed at the steady state.
The sample period is 1952.6 — 2001.12.
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Figure 3. Initial optimal stock allocation of a dynamic investor against investment horizon
using a return model only allowing for time variation in volatility in the presence of two
extreme levels of transaction costs
The CRRA investor follows an optimal rebalancing strategy to maximize utility over terminal wealth. The
stock return dynamics is specified as rt = a+ εt with εt|Ft−1 ∼ N(0, st−1), where rt is the continuously
compounded monthly excess stock return, and where st is the conditional return volatility which follows an
ARCH process st = α + βε2t . The allowed rebalancing frequency is one month. The initial portfolios are
formed without involving transaction costs. For any subsequent rebalancing, both proportional (denoted
by φ1) and fixed (denoted by φ2) transaction costs are imposed. The transaction cost, f , is modeled as
f = φ1|ω − bω| + φ2Iω 6=eω, where bω is the inherited stock allocation, and ω is the chosen stock allocation,
and the dollar amount of transaction cost isWf . The graph on the left represents no transaction cost, while
the one on the right represents the highest level of transaction cost, which virtually forces buy-and-hold
behavior. Each graph displays three diﬀerent values of current return volatility – at (solid), one sample
standard deviation above (dotted), and below (dashed) its steady state value, when current expected stock
return is fixed at its steady state value. The sample period is 1952.6 — 2001.12.
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Figure 4. Initial optimal stock allocation of a dynamic investor against investment horizon
using a return model only allowing for time variation in volatility in the presence of realistic
transaction costs
The CRRA investor follows an optimal rebalancing strategy to maximize utility over terminal wealth. The
stock return dynamics is specified as rt = a+ εt with εt|Ft−1 ∼ N(0, st−1), where rt is the continuously
compounded monthly excess stock return, and where st is the conditional return volatility which follows an
ARCH process st = α + βε2t . The allowed rebalancing frequency is one month. The initial portfolios are
formed without involving transaction costs. For any subsequent rebalancing, both proportional (denoted
by φ1) and fixed (denoted by φ2) transaction costs are imposed. The transaction cost, f , is modeled as
f = φ1|ω−bω|+φ2Iω 6=eω, where bω is the inherited stock allocation, and ω is the chosen stock allocation, and
the dollar amount of transaction cost is Wf . Each graph represents a diﬀerent level of realistic transaction
cost. Each graph displays three diﬀerent cases for diﬀerent values of current return volatility – at (solid),
one sample standard deviation above (dotted), and below (dashed) its steady state value, when current
expected stock return is fixed at its steady state value. The sample period is 1952.6 — 2001.12.
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Sample period:1952.6 — 2001.12
Figure 5. Optimal buy-and-hold stock allocations against investment horizons using a Het-
eroskedastic VAR return model for sample period 1952.6 — 2001.12
The CRRA investor with a relative risk aversion of five, using a heteroskedastic VAR model (1) allowing
for predictability in both expected stock return and volatility, follows a buy-and-hold strategy to optimize
expected utility over terminal wealth. The two graphs on the left ignore estimation risk; those on the right
account for it. The two graphs in the first row present cases with three diﬀerent values of current expected
stock return – one sample standard deviation above (dotted), at (solid), and below (dashed) its steady
state value, and with the same current stock return volatility of its steady state value. In the lower two
graphs, the current return volatility takes diﬀerent values – one sample standard deviation above (dotted),
at (solid), and below (dashed) its steady state value, while current expected return is fixed at its steady
state value. The current value of the third state variable, the conditional volatility of the dividend yield, is
set at its steady state value throughout.
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Sample period:1952.6 — 2001.12
Figure 6. Optimal buy-and-hold stock allocations against investment horizons using a Het-
eroskedastic VAR return model when current expected return and volatility are both below
the steady state values
The CRRA investor with a relative risk aversion of five, using a heteroskedastic VAR model (1) allowing
for predictability in both expected stock return and volatility, follows a buy-and-hold strategy to optimize
expected utility over terminal wealth. The graph on the left ignores estimation risk; the one on the right
accounts for it. The two graphs illustrate the case when current expected stock return and volatility are
both one sample standard deviation below their steady state values. The current value of the third state
variable, the conditional volatility of dividend yield, is set at its steady state value throughout. The sample
period is 1952.6 — 2001.12.
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Sample period:1972.1 — 2001.12
Figure 7. Optimal buy-and-hold stock allocations against investment horizons using a Het-
eroskedastic VAR return model for sample period 1972.1 — 2001.12
The CRRA investor with a relative risk aversion of five, using a heteroskedastic VAR model (1) allowing
for predictability in both expected stock return and volatility, follows a buy-and-hold strategy to optimize
expected utility over terminal wealth. The two graphs on the left ignore estimation risk; those on the right
account for it. The two graphs in the first row present cases with three diﬀerent values of current expected
stock return – one sample standard deviation above (dotted), at (solid), and below (dashed) its steady
state value, and with the same current stock return volatility of its steady state value. In the lower two
graphs, the current return volatility takes diﬀerent values – one sample standard deviation above (dotted),
at (solid), and below (dashed) its steady state value, while current expected return is fixed at its steady
state value. The current value of the third state variable, the conditional volatility of the dividend yield, is
set at its steady state value throughout.
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Sample period:1972.1 — 2001.12
Figure 8. Optimal buy-and-hold stock allocations against investment horizons using a Het-
eroskedastic VAR return model when current expected return and volatility are both below
the steady state values
The CRRA investor with a relative risk aversion of five, using a heteroskedastic VAR model (1) allowing
for predictability in both expected stock return and volatility, follows a buy-and-hold strategy to optimize
expected utility over terminal wealth. The graph on the left ignores estimation risk; the one on the right
accounts for it. The two graphs illustrate the case when current expected stock return and volatility are
both one sample standard deviation below their steady state values. The current value of the third state
variable, the conditional volatility of dividend yield, is set at its steady state value throughout. The sample
period is 1972.1 — 2001.12.
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Figure 9. Initial optimal stock allocation of a dynamic investor against investment horizon
using a heteroskedastic VAR return model in the presence of two extreme levels of transaction
costs
The CRRA investor, using a discretized heteroskedastic VAR model (1) (following Tauchen and Hussey
(1991)), follows an optimal rebalancing strategy to maximize utility over terminal wealth. The allowed
rebalancing frequency is one month. The initial portfolios are formed without involving transaction costs.
For any subsequent rebalancing, both proportional (denoted by φ1) and fixed (denoted by φ2) transaction
costs are imposed. The transaction cost, f , is modeled as f = φ1|ω−bω|+φ2Iω 6=eω, where bω is the inherited
stock allocation, and ω is the chosen stock allocation, and the dollar amount of transaction cost isWf . The
graph on the left represents no transaction cost, while the one on the right represents the highest level of
transaction cost, which virtually forces buy-and-hold behavior. Each graph displays three diﬀerent cases for
diﬀerent values of current return volatility – at (solid), one sample standard deviation above (dotted), and
below (dashed) its steady state value, when current expected stock return is fixed at its steady state value.
The sample period is 1952.6 — 2001.12.
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Figure 10. Initial optimal stock allocation of a dynamic investor against investment horizon
using a heteroskedastic VAR return model in the presence of realistic transaction costs
The CRRA investor, using a discretized heteroskedastic VAR model (1) (following Tauchen and Hussey
(1991)), follows an optimal rebalancing strategy to maximize utility over terminal wealth. The allowed
rebalancing frequency is one month. The initial portfolios are formed without involving transaction costs.
For any subsequent rebalancing, both proportional (denoted by φ1) and fixed (denoted by φ2) transaction
costs are imposed. The transaction cost, f , is modeled as f = φ1|ω−bω|+φ2Iω 6=eω, where bω is the inherited
stock allocation, and ω is the chosen stock allocation, and the dollar amount of transaction cost is Wf .
Each graph represents a diﬀerent level of realistic transaction cost. Each graph displays three diﬀerent cases
for diﬀerent values of current return volatility – at (solid), one sample standard deviation above (dotted),
and below (dashed) its steady state value, when current expected stock return is fixed at its steady state
value. The sample period is 1952.6 — 2001.12.
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Figure 11. Time series of diﬀerence of stock allocations between multiperiod horizon and one-
period horizon with real-time data
Parameter estimation with historical data followed by a buy-and-hold asset allocation is repeated with rolling
sample windows month by month from January 1999 through December 2001. Specifically, at the end of
each month, the parameters of the model are estimated using the most recent preceding 45-year data, and
real-time state values are used in the optimal asset allocation decision. Maximum-likelihood estimates of the
parameters are employed and estimation risk is ignored. The four figures plot the time series of diﬀerence
of the stock allocations between a multiperiod horizon and a one-period horizon. Results are for a CRRA
investor with a relative risk aversion of five.
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